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7| ™ degree= O|ZA| B7|8t:

Theorem 100f|A{= 2c, 24 i -1\ ~ L}?
= AHOIME (n-Dp AZCHH o2 (n-1)p= np?} &[L}

_ (n-1)p=np-p 24,
2 A3 G(n,p) DHOAM, OFOF 0| 24X 7{Z|H nof|M 12 A|2| st H o

Pioh 23 4 L] =10 213l Zfop
M2tM, LE 17igt a3 4 c = EL] _ (n 1) p
o{7[0fl, LHofl 25 Z5H, 2¢ = (n- 1)p

- (n-1)p= np 7} EC}
> 2c = np 7} EC}

> &, o =29 Wz degree?! 2¢2} x
> £ M39| 7| W degree®! (n-1)p= Simulation, Binomial, Poisson 2} & H| a2t =,
7k2 okS. LIEFLHC} Theorem 102} YL|5H| L+

(ER network?]| degree distribution0] ™+ 2cQ! Poisson distribution2&2
sttt
7



1C4.
NetworkE& Adjacency Matrix2 2f4d5}7]



[12H4]] NetworkZ adjacency matrix2 2Hd35}7|

2k H|EQ|3 THE0{A EHRI51Y]

|

Adjacency matrix A2t?
Node AfO|S| HZE {F= 02} 12 Holot

Ay =1 node i2} node j7t A2 HZHE
4;;=0 node i} node j7} MZ HAL[Z| 43
Node= 27| ZHAl node@H= HZASIR| B2 CfZEM 0
Sk 1124512 oe WIEQYI0|2 2 4, = 4;, 0|0, HE2 L2
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A2 Y=Y BHE0IK EHel5P)

57l LE2

S L

o

zl

22 |E9|3 B0

import numpy as np

A_small
[0,
[1,
[1,
[0,
[0,
1)

print(A_

[[0 11

PR
SESRE R

= np.array([
1, 1, o, o],
e, o0, 1, 0],
e, o, 1, 1],
1, 1, o, 0],
o, 1, 0, 0]

small)
0 0]
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[12H4]] NetworkZ adjacency matrix2 2Hd35}7|

ER random network 2H= 7|

(D ER random network2| 271 4A3s}7]

s | oo 43y

n node 1000
p M2 C}2 £ node AH0]0]| link 7} 0.01
MAME 512
seed Yot Au= Al2dst7| ¢t U= 42

n = 1000
p=0.01
seed = 42

print("Node = n:", n)

print("¢Z

print ("t

print("7|cH

Node =+ T n:

&g p:", p)
seed:", seed)
H+# degree:", (n - 1) % p)

1000
0.01

L—*—’#— seed 42
7|t Wz degree: 9.99
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[12H4]] NetworkZ adjacency matrix2 2Hd35}7|

ER random network BFS 7|

) 22| 2AH(LH4)Z 1000x1000 A QST

rng = np.random.default_rng(seed)
random_values = rng.random((n, n)) # nxn &2 Ll 2} Ziof 0 o4 1 0O/8te) 2x2| =AE <2

print("&#&el 37]:", random_values.shape)
print(random_values[:5, :5])

dEe|l 37|: (1000, 1000)

[[0.77395605 0.43887844 0.85859792 0.69736803 0.09417735]
[0.06206311 0.45826204 0.12903006 0.15232671 0.63228281]
[0.84273197 0.44638949 0.95297516 0.65079459 0.11589887]
[0.82922114 0.59409599 0.24485475 0.745675 0.0844809 ]
[0.71609997 0.3571156 ©.85186786 0.24097716 0.53839349]]



[12HA]] NetworkE adjacency matrix2 2H517|

ER random network 2H= 7|

OII

U 222 HE WHS
AA| YEST0| ‘SO '2 HEE T
connections = random_values < p

print(connections[:5, :5])

2l random < pO|®H HZ 5= 0| p7} €2

[[False False False False Falsel
[False False False False Falsel]

> LEAHM Al 0~1 AI'OIO'"kl TAIE 4S5 S22 |77|' [False False False False False]
Ci5} e sl=2o [False False False False Falsel
'?_H or IZIJI' p(alla = u O 3) El:'l' = HE= EE' [False False False False False]]

30%7} =,
> M2tA, ‘random_number < 0.30|H 1’2 OISO,
30%2| EHE 2 edgeE PtEE

f
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[12H4]] NetworkZ adjacency matrix2 2Hd35}7|

ER random network 2=

@ 4 gls UE/AILI oY ¥AS UHSojoF &

c,|.|a=|o| oI AZldo} Atﬂ_ t7|
A= HF | 2t ZHOoICt HIHe| e RAS U222 [0,1]2 [1,0]0] M2 CHE U2 + US

> A;; = A;; 7t =2 sl

upper_triangle = np.triu(connections, k=1) # &/Z9/ = AfZl5/0F LA (CfZ2fMaf of2fE BE=2 D& go=)

print(upper_triangle[:5, :51)

[[False False False False False]
[False False False False Falsel]
[False False False False Falsel]
[False False False False Falsel]
[False False False False False]l
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A
A

£Q

ER random network 2H= 7|

= UEAAL7} 2 dZE = T=S0{of et

MAo| 9| U2 Of2YZo| EAI5H)

upper_triangle + upper_triangle.T # {/E&E +2/Z&2o NAHY —> CHEQI IFHE PIS0/E
A.astype(np.int8) # True/False £ ZZ 1/02= HIF —> A7} L2/} BHE adjacency matrix.

print("Adjacency matrixel 37|:", A.shape)
print(A[:10,

Adjacency

[[o
[0
[0
[0
[0
[0
[0
[0
[0
[0

(SIS IS IS I S IS RS RS I

e

(SIS IS IS IS TS RS I
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m
0
0
0
0
0
0
0
0
0
0
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OO0t
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ESEEEEBBEQI—'
GI—‘SG&GGGSG
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110])

ixe| 37|: (1000, 1000)

0]
0]
0]
0]
0]
0]
0]
0]
0]
0]1] 15



[12H4]] NetworkZ adjacency matrix2 2Hd35}7|

L H20|H, ciZro] 021717

correct_shape = A.shape == (n, n)
is_symmetric = np.array_equal(A, A.T)
has_zero_diagonal = np.all(np.diag(A) == 0)
is_binary = np.all((A == 0) | (A == 1))

print("&&e| 37|7t n x nel7t?", correct_shape)
print ("cHE #ZEQIZI?", is_symmetric)
print("CHz4&o| 2% @Q171?", has_zero_diagonal)
print("2= {47t 0 £= 127t?", is_binary)

™ol 37|17k n x nQl7t? True
CHE #EHQI7L? True

CHziMo| 25 @217t? True

2= AT 0 = 191717 True

E
I—

adjacency matrix Z2=35}7|
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0= adjacency matrix Z4=3517|

24 23 = Lo] oflefet 7|th link 42} H|RBHI}?

7|c ™ degree: (n-1)p= np

71t &3 =+ E[L] =

n(n-1)

expected_ L =n *x (n-1) / 2 % p # 7/0f &= +
L = A.sum() // 2 # &A 23 +

print("7|cf link #:", expected_L)
print("&x link #:", L)

7|cH link #=: 4995.0
AH link =: 5045

17



2¢H|.
Degree () A|41517]



[2E4A]] Degree (2I5) Al4kst7|

2k2 | EQ|3 degree AlAHSHE 7|

« DegreeZt? node i0f]l A& = linke| = (st =7} 71| 1 U= linke| 7H)
+ Adjacency matriof|A 4;; = 10|2}H, node i2} node j7} A2 HZALX|0] ULt
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[2E4A]] Degree (2I5) Al4kst7|

2k2 | EQ|3 degree AlAHSHE 7|

22 of|A|0J| A degree AAFSHE |

degrees_small = A_small.sum(axis=1) # Zf &= J}=2=2 Bl5 (AlA R2ESF HEQILIV axix=10/L} axis=00/} g2 523}

print ("2 HEL39| adjacency matrix:")
print(A_small)

print("\nZ} node2| degree:")
print(degrees_small)

2 HE®39 adjacency matrix:
[[@110 0]
[10 0]
[10
[0 1
[0 @

PR R
coRrR
[~ N ]

]

Z} node?| degree:
[22321]
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écl-l
print(Alnode_id]l) # adjacency matrixofAf Node @0of 3

{A[node_id].sum()}") # Node adf

gl 12| =

n3E

A node?l| degrees

o
print(f"degrees Higo| MZEE Zk:

B

E
=
0

print(f"Node {node_id}2| adjacency matrix

node_id
print(f'"\n
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[2E4A]] Degree (2I5) Al4kst7|

ER HIEL|3A degree A|AH5H7|

ol
R

@ 7HE node?| degreeE &1L,
M| Y EQ Aol 2|4, 2|c, W degree &H015}7]

min_degree = degrees.min()

max_degree = degrees.max()
observed_mean_degree = degrees.mean()
expected_mean_degree (n = 1) *p

print("Z|& degree:", min_degree)
print("Z|cH degree:", max_degree)
print("2t% HF degree:", observed_mean_degree)
print("7|cf H# degree:", expected_mean_degree)

%4 degree: 2
% degree: 22
S T degree: 10.09
7Icf HZ degree: 9.99



[2E4A]] Degree (2I5) Al4kst7|

7| Akt degree AS3H|

HHH (1) degree?} link 2| 2HA |2 HAZ517|

degree_sum = degrees.sum()
two_times_L = 2 * L

BT o e ceoree s

Iink L,.l:g|. I A|-0|_<2| o:|7=l }ij print("XA| link 29| 28{:", two_times_L)

print("% 0] Z27?", degree_sum == two_times_L)
degree St L E 71 71|22 U= linke| 7%

2E node?| degree &: 10090
HA| link 2| 28{: 10090
5 0l Z271? True

ojif, T HERI0M 3 171= 271 = =2] degreeS 22 14 S7t AlA
=, link 17H0|E 4| degree?| g2 2 37t

> [2tM, 2= node?| degree E.* = X2
> 0|2 node 75 (n)22 LEH = A 1| HIE%ELQI B degree

24



[2E4A]] Degree (2I5) Al4kst7|

2E node?| degree W

Y242

ARSI (2L/n)

210

P

7| Akt degree AS3H|

degree® ZH4Z35}7|

mean_degree_from_degrees = grees mean ()
mean_degree_from_links = 2 * L / n

print("Degree H{EO|A HLSH HA:", mean_degree_from_degrees)
print("Link =2 H&tst H:", mean_degree_from_links)
print(

"&£ Hdo| #2717,

np.isclose(mean_degree_from_degrees, mean_degree_from_links)

)

Degree HiEOIA Hiist HF: 10.09
Link 2 4t B : 10.09

5 EHIA0| Z271? True

25
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[3EHA]] Degree Distribution 12| 7|

Degree Distribution 12| 7]

Degree distribution P(k
7120 k, MI2=0]| P(k

(D Degree 'H node = 7

>

5t7]

£ =2 ojdefjm =2 Jef7|

> Degree’Z| 20l LLE7} H 7|4 U=A] MIEA}

degree_values, degree_counts = np.unique(degrees, return_counts=True)

print("Degree z}:", degree_values) # Degree H{Zof ofH ZiS0| =x5[Lf
print("’l.* degreed| 3iYst= node +:", degree_counts) # I 50/ F 44 Lt
# &, Degree?} 22/ node +& 37f, degree’} 32/ node +& 87,

Degree Zf: [ 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 21 22]

Zt degree®| siYst= node s=: [ 3 8 13 33 65 87 113 130 115 121 101 65 57 42 21
1 1]

14

): Y22 1E nodel| degree?} k¥ 2hE (5, degree?| k2l node?| H|-E)
)

27



[3EHA]] Degree Distribution 12| 7|

Degree Distribution 12| 7]

- degree_counts: node2| 74

XA node 20| M 0| degree 242 Z= node?} & JlC}

« degree_counts/n: &=

A4 node SO|A O] degree Z= Z& node?t 2tA|st= &&E

degree_probabilities = degree_counts / n

for degree, count, probability in zip(
degree_values,
degree_counts,
degree_probabilities

print(
f"Degree {degree:2d}: "
f"{count:3d}’fl node, "
f"P(k) = {probability:.3f}"
)

print("Degree =&2| §:", degree_probabilities

.sum())

Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree
Degree

2 371 node,
3 871 node,
4: 137 node,
5: 337§ node,
6: 657 node,
7: 8771 node,
8: 1137 node,
9: 1307 node,
10: 1157 node,
11: 1217 node,
12: 1017f node,
13: 657 node,
14: 5771 node,
15: 427 node,
16: 217 node,
17: 147§ node,
18: 378 node,
19: 778 node,
21: 17§ node,
22: 17§ node,
&E9| g 1.0

P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)
P(k)

[ B s I T s i o I i T o i T o R i o T o

. 003
. 008
.013
.033
. 065
. 087
.113
.130
.115
121
.101
. 065
. 057
. 042
.021
.014
. 003
. 007
. 001
. 001

28



[3EHA]] Degree Distribution 12| 7|

Degree Distribution 12| 7]

(3 Degree distribution 12|7|

import matplotlib.pyplot as plt
plt.figure(figsize=(10, 6))

plt.bar(
degree_values,
degree_probabilities,
color="steelblue",
alpha=0.7,
label="Simulation"

)

plt.xlabel("Degree (k)") # degree k

plt.ylabel("Probability P(k)") # 35 degreeE 7/Z nodeZ| H/E
plt.title(f"Degree Distribution of ER Network (n={n}, p={p})")
plt.xticks(degree_values)

plt.legend()

plt.grid(axis="y", alpha=0.3)

plt.show()

7I2=: degree k
N2=%: 24| = L degreeS 712! node?| H|E

Probability P(k}

Degree Distribution of ER Network (n=1000, p=0.01)

012 A

010

=

=

oo
i

=

=

(=3}
i

004 4

002 4

00 -

9 10 11 12 13 14 15 1s 17 18 19
Degree (k)

. Simulation

21 &




[3EHA]] Degree Distribution 12| 7|

Binomial - Pojssonz} H|n5}7|

(D <l Binomial - Poisson distribution2t H| 5} 2}0f &H7}?

« G(n,p) 2HOM, st EE= AAIE A[Q|St n-1712] LL.E ZiZtn S22 o 2 StF p2 HAE
> [O2tM, gt .==2| degree K= binomial distribution2 LIS

« E3, ER HIEQ|3 9| degree= binomial distribution2 2|3k n0| 31 p7} 22 H binomialo]
Poisson distribution3} 72| &5Z0}3!
> Poisson2. 2 C{Al Hoist £~ S

> Y A8 222 gRls|E2}!
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[3EHA]] Degree Distribution 12| 7|

(2) Binomial2} Poisson &H& #4517

from scipy.stats import binom, poisson

# k_values: BES A& degree 59 5%
k_values = np.arange(@, degrees.max() + 1)

# Binomial 2§ At (2} degree k7 LIEfS Binomial 2E tH)
binomial_probabilities = binom.pmf(

k_values, # 20742 degree: @, 1, 2, ..., 22

n -1, # & node’t ¥ZE + 2= CFE node +

p # 2129l nodeS} SIZE EE

)

# Poisson Distribution

lambda_poisson = {n - 1) % p # lambda: TZ&o= ¥ # 246=7f. (ER networke Z|0f B degree g

poisson_probabilities = poisson.pmf(
k_values, # 2042 degree: @, 1, 2, ..., 22
lambda_poisson # ER network<S Z/cf Zi degree &t
)

# binomial &zl &2ef'27| (degree 02 &, degree 1° &&, ... =AMOIE)
print("Binomial probabilities:")
print(binomial_probabilities)

# poisson EEgl £efef27 (degree 02/ 2f8, degree 19 3E, ... £=AMLI=)
print("\nPoisson probabilities:")
print(poisson_probabilities)

Binomial - Poissonz} H| 1w 5}7|

Binomial probabilities:
[4.36073206e-05 4.40037508e-04
.87265558e-02 3.76422687e-02
.13051996e-01 1.25740211e-01
.49692703e-02 7.28319112e-02
1
8

.21796683e-03 7.
.29905979%e-02 9.
.25740211e-01 1.
.18126006e-02 3.
.87160646e-03 3.
.75066744e-04]

.13493713e-02 1.24696565e-02
.77377846e-03 8.35271338e-04

RNWORPR
WUk oN

Poisson probabilities:

[4.58562066e—05 4.58103504e-04 2.28822700e-03 7.
1.90304403e-02 3.80228198e-02 6.33079949e-02 9.
1.12824004e-01 1.25234644e-01 1.25109410e-01 1.
9.4590390%e-02 7.26890773e-02 5.18688488e-02 3.
2.15688179%e-02 1.26748524e-02 7.03454308e-03 3.
1.84749501e-03 8.78879768e-04 3.99091313e-04]
Poisson distribution®| lambda: 9.99

print("Poisson distribution® lambda:", lambda_poisson) # Poisson distribution At of AlE8F lambda Z¢ &2/

# degree E2 binomial ZEZ!7} poisson BEZl Zes]=7]
print("Degree | Binomial | Poisson")

for k, b, pois in zip(k_values, binomial_probabilities, poisson_probabilities):
print(k, b, pois)

44549809e-03
02592549e-02
14193819e-01
43672806e-02
58375648e-03

61979592e-03
03495527e-02
13622091e-01
45446533e-02
69868870e-03

Degree | Binomial | Poisson

@ 4.360732061682645e—05 4.585620664220731e-05
1 0.0004400375080419069 0.000458103504355651

2 0.0022179668334660683 0.0022882270042564766
3 0.007445498090792547 0.007619795924174064

4 0.018726555804109216 0.019030440320624738

5 0.0376422687375741 ©0.03802281976060819

6 0.06299059785377682 0.06330799490141266

7 0.09025925493329992 0.09034955272358755

8 0.11305199607806825 ©0.11282400396357983

9 0.12574021112602748 0.12523464439957363

10 9.125740211126109 0.12510940975517382

11 ©0.11419381891984526 0.11362209122310814

12 9.09496927028016251 0.09459039094323764

13 0.07283191124047236 0.07268907734791874

14 0.051812600637206295 0.05186884876469338

15 0.034367280557346384 0.034544653277285745
16 ©.021349371255303524 0.021568817890005258
17 0.012469656532369719 0.012674852395361912
18 0.006871606461721008 0.007034543079425875
19 0.0035837564800322913 0.003698688703340227
20 0.0017737784598167248 0.0018474950073184427
21 0.0008352713382199463 0.0008788797677672078
22 0.0003750667441591504 0.0003990913127270166
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[3EHA]] Degree Distribution 12| 7|

Binomial - Poisson2} H|5}7|

(3 $2l2| degree distribution simulation - Binomial - Poisson J12{A{ H| 15| = 7|

Degree Distribution of ER Network
n=1000, p=0.01, expected mean degree=9.99

plt.figure(figsize=(10, 6)) : :
== Binomial theory
# Ax Alg2folM Zzf ==~ Poisson approximation
plt.bar( 0.12 - e Simulation
degree_values,
degree_probabilities,
color="steelblue",
alpha=0.6, 010 4
label="Simulation"

)

# X235t Binomial O/ Z2X

plt.plot(
k_values,
binomial_probabilities,
color="darkorange",
marker="o0",
markersize=4,
linewidth=2,

label="Binomial theory"
) 004 ~

0.08 -

Probability P(k)
=
[
(=) ]

# Poisson ZAf

plt.plot(
k_values, 0.02
poisson_probabilities,
color="green",
linestyle="--",
marker="s", 0.00 - T f
markersize=4, o 1 2 i 4 5 & 7 8 9% 10 1 1 1% 14 15 1 17 1 18 0 21 22
linewidth=2, Degree (k)
label="Poisson approximation"
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[3EHA]] Degree Distribution 12| 7|

n,p

2 HHY H[2 s}

(1) "W degree (n-1)pE 1022 1NHSIH, node7t HA W X7 o{LHA Satdn?

0 p=10/()
500 0.02004
1000 0.01001
2000 0.00500

27

I degree=(n-1)p
10
10
10

N W >

# =0 4E g+ 2157/ # T A, B, ¢ Jam 337
def generate_er_degrees(n, p, seed=42): # n=nodef=, p=% node’} YIZE FE, seed=Ll= 44 AIZE :En:f:;:;?f 3'[1"'1 e
= LEA  AJA]
rng = np.random.default_rng(seed) # s 47/ {"n": 580, "p": 18 / 499, "seed": 42},
. {"n": 1888, "p": 18 / 999, "seed": 42}
random_values = rng.random((n, n)) # n x n & 850 2} 7h0f 0~1 Afo/e] 2E At {"n" ;_gg,g: --E : 18 / 1999, "seed": 42}
connections = random_values < p # 205 A7} p=ECh &2 2ol 1
upper_triangle = np.triu(connections, k=1) # REEF HERQILIZ HE E Hoot AL ## Jo/=Z Jg FIt oIl
fig, axes plt.subplots(
A = upper_triangle + upper_triangle.T #@E2+TAHS E0/A CfEFEQI adjacency matrix EHEL 0
A = A.astype(np.int8) # True,Falses 1,022 HfFu 3

degrees = A.sum(axis=1) # Z/ node?/ degree it

return degrees # degree ¥ AZ

L}
figsize=(18, 5),
sharey=True

I

# =M A, B, C ¥ condition), FHax)W Ja(7]

for ax, condition in ziplaxes, conditions):
current_n = condition["n"] # EI 704 n JZD3]
current_p = condition["p"] & ER =704 p FH2
current_seed = condition["seed"] # & =70 seed FHEI

current_degrees
current_n,

generate_er_degrees{ # ER WERS H&FA [fNY ©
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[3EHA]] Degree Distribution 12| 7|

2 HHY H|w

n,p 5}7|

0= A5,
Z 7} poisson =X 2 O

I degree (n-1)p& 1

& nO| A2 p7} 20 &42 simulation tHAo = S

Degree Distributions under Different n and p

Probability Pk}

n=500, p=0.02004
observed mean=9.86

n=1000, p=0.01001
observed mean=10.10

n=2000, p=0.00500
observed mean=10.01

0.14 1 Binomial
—— == Poisson = -
LY . . W, rJ
012 4 ¥ \‘ Simulation ,-f \‘ / \\
i / ! \
J % ) \ ! )
J \ LY !
0.10 / \ / \ \
/ \ / \ f !
| \ I 3 ¥ A
0.08 - / \ f \ / \
f/ \ 1 \ \
/ \ / k / \
0.06 1 / I\ i \ £ \
[ \ ] \ ! k|
o 5 / \ / N
0.04 - J \ / \ / \
/ 3 i A\ ! h
r / \ / e
0.02 A s / ~ / S
£ Fi ™ F N
Fy - F. e 1 ~
000 | e Bl 1 S o S I I,
- 0 5 10 15 20 ] 10 15 20 o 10 15 20
Degree (k) Degree (k) Degree (k)
271 B3 degree=(n-1)p _ p=10/(n-1)
A 0.02004
B 10 1000 0.01001
34
C 10 2000 0.00500



[3EHA]] Degree Distribution 12| 7|

n, p 22 B H|u5|

(2 n2 100022 11Yst1 pE HHLH, E271 ofLH Ha2t2n

___- 7ICfT degree = (n-1)p

1000 0.005 4,995
B 1000 0.010 9.990
C 1000 0.020 19.980

« LT 5= nE FAISIH, p7t 2817} 2 W B degree 72| 2H{Z 7
> pZt HZ|HA] degree dlstrlbut|on°| ZAN E22|7 LEZROC B 0|S8h?
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Probability P(k)

0175 A

0:150 1

0125 4

0.100 -

0075 4

01050 4

01025 1

0000

[3EHA]] Degree Distribution 12| 7|

n=S 100022 1St pE HHH,
degree distribution?| 43t 8|7t LEEL = 0|

n=1000, p=0.005
Expected mean=5.00, Observed mean=5.05

Degree Distributions with Fixed n and Different p

n=1000, p=0.01
Expected mean=9.99, Observed mean=10.09

2 HHY H|w

n,p 5}7|

ot
[ =]

n=1000, p=0.02
Expected mean=19.98, Observed mean=19.87

Bincmial
f--j. —— Poisson
I E"'\ ----- Expected mean
/BB \ Simulation : :
/ PN : :
: ) H H
/ : 3 111 :
i : \ ! o :
/ : v 4 : A :
/ : A 4 : ) s~
: \ ! : M AT
! : Y 7/ : A\ MIlEY
i g A I ] b ! 5 5
) : \ ’ g N / : \
/ : \ Fi i \ i/ ; \
I H b / H A F H p
Fi ; % A ; k i ; A
/ i \ 4 i . / H N
F . i & F i \\ F : ™,
/ : \*‘\. - : T A : Y
I I I T T I I .‘--_I-- . I .I I T---. I I-—"- I I T T I = ——
] B 10 20 25 35
Degree (k) Degree (k) Degree (k)

_“ 7|ch 3 degree = (n-1)p

A 1000
B 1000
C 1000

0.005
0.010
0.020

4,995
9.990
19.980
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[4SHA|] A2t SHA] - Barabasi Scale-free Network®} H|

ofl S

ER random network Z3} A

=01, ;2571 49421 (n=4),

off W& degreeZt (n — 1)p 7}

g, 2= 3

Ot=E= 7| ofL|2} &5 pE OtF >
ojuy, 23 17H= 274 .=.E29| degreeS 22t 14 =7} A|Z
=, link 17H0|®™ ]| degree?| &2 2 S7I

> [O2tM, 2 node?| degree g = 2L

2
I degree <k> = =
7| &3 4 E[L] =22

St

A degree2| B _ 2L Winl

p O|B&,

2 nn-1) . .
> p=m—-1)p

7|CH B degree E[<kD] =

nn—1)
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[4SHA|] A2t SHA] - Barabasi Scale-free Network®} H|

ER random network Z2} sl

=2 Theorem 102| H7|2} & Alslo] HV|E CSo|EH.

(=2) =E+=n3d3 N
(FHY) EEF=n Y31

==2| Theorem 100] (t=H,

Ec-,ﬂ T L = Cn [[H
St L-E9| degree7|-j 22 MA40| 2¢2l Poisson distribution2.2 & siC}

(2c) e~?¢
j!

IU_
J

P(k=j) -

H ==0M HER 2| Bt degree= 2c

I
.‘
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[4SHA|] A2t SHA] - Barabasi Scale-free Network®} H|

ER random network Z2} sl

7|t B degree= O|ZA| H7]|¢et:
Theorem 100|AM< 2c,
= AedoM= (n-1)p

= 29 G(n,p) 2HOIA,

7|c) &3 2 E[L] = n(nz—l) D
M2tM, LE 17igt a3 4 c = EL] _ (n 1) p
o{7[0fl, LHofl 25 Z5H, 2¢ = (n- 1)p

> = 9 =290| A degree?l 2c2}
> 2 Asl9o| 7] H% degree?! (n-1)p&
Z2 &= LIEIHCE

AZCHH o{EA (n-1)p= np?} &[L}?

(n-1)p =np - p 2,
ook nO| 2 F{Z|H noj|A 1= A|2|5H YA 0|
AH 2ot

- (n-1)p= np 7} EC}
> 2c = np 7} =}

Simulation, Binomial, Poisson 2| & H|m s} =,
Theorem 102} Lx|5HA| LIS
(ER network?]| degree distribution0| H+ 2cQl Poisson distribution22

Sasich)
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[4SHA|] A2t SHA] - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

(1) Barabasi scale-free network §

1000
cL J|& L 549 A

. _H;E-’.‘—n—

. M2 AEICtn

StAF (m=5)

akof
LE 170 71 > link= 1x5=57 ¢ ‘47|11,

4| degree € 10 =7}

(link 17H= node 2702 degreeS 22t 14 S2|L|7t) ) _
o YL 27 27} > linke= 2x5=1071| 47|12, 44| degree € 20 =7}
. = 37§ 27} > linkE 3x5=1571| ¢ 47|11, HH| degree & 30 7}

2, EYI7} M,

o ‘FIIE LE £ xm2E 3Vt H M7 @a
‘ZIMEl L& = xm x 2’02 X A| degree €0| =718t @ degree 23t = 2nm)

2 Z‘| LESO degree Zof 2x = a 2L
Ao Z M degree == | = lAg S8 _2xo-t7T _2L_,
node T node T n

S 0{M node, link, degree &9

o151 & 7|

ba_n 1000
ba_m = 5 # MZ2 node&s 7/Z node & 572 HAZELC)
ba_seed = 42

BA = nx.barabasi_albert_graph( # BA network &%

ba_n,

ba_m,

seed=ba_seed
)

ba_degrees = np.array([ # BA networkofr 2= noded?@ degre

degree
for node, degree in BA.degree()

1

print("BA network® node #:",

BA.number_of_nodes())

print("BA networke link #:", BA.number_of_edges()) # L=

print("BA network® Z+# degree:",
print("BA network?| Z|4 degree:"

ba_degrees.mean()) # &
, ba_degrees.min())

print("BA network® Z|Ci degree:", ba_degrees.max()) # pre

print(ba_degrees)

BA network2 node #: 1000
BA network? link #=: 4975
BA networke| E# degree: 9.95
BA network2l =4 degree: 5
BA networke| Ztf degree: 123

[ 86 50 82 30 42 122 88

—_ T

3 3 b3 N b



[4SHA|] A2t SHA - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

@) ERZ} BA YEQ| A 42| H|@5}7|

HE LCH MA degree 2|A degree Z|CH degree
el3
ER

10.09 2
BA 9.95 5 123

ERC| Z|CH degreet 222 H|uw & 2r20| BA2| Z|CH degree= 12322 &M 2
> =, BA scale free networkOll= 22| hub?} ZAHstC}.
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[4SHA|] A2t SHA] - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

(3 ER2} BA HIESL|3 degree distribution 22| 7|

ER, BA2| Degree distribution A|4Hst7| ER, BA2| Degree distribution 22|7| ER, BA2| Degree distribution log-log plot 22| 7|
# ER degree distribution “9'1"”“‘-'5 = plt.subplots( # log-log plot2= 187
er_degree_values, er_degree_counts = np.unique( 2' # ER degree distribution
degrees, ! S er_degree_values, er_degree_counts = np.unique(
return_counts=True figsize=(15, 5), degrees,
) - ) sharey=True return_counts=True
)
d babiliti ( er_degree_probabilities = er_degree_counts / len(degrees)
er_degree_probabilities = =3 T
er_degree_counts / len(degrees) axes[0].bar( # BA degree distribution
) -, c.iegree iR ba_degree_values, ba_degree_counts = np.unique(
- — ! ba_degrees,
. . . er_degree_probabilities, return counts=True
# BA degree distribution ' color="steelblue", ) —
ba_degree_values, ba_degree_counts = np.unique( alpha=0.7 ba_degree_probabilities = ba_degree_counts / len(ba_degrees)
ba_degrees, )
return_counts=True P -
: og-log plo
) axesﬁﬂl]féssgﬁgé-;lsétwork\n" plt.figure(figsize=(8, 6))
ba_degree_probabilities = ( f'"Mean={degrees.mean():.2f}, Max={degrees.max()}"  plt.loglog(
ba_degree_counts / len(ba_degrees) ) er_degree_values,
) axes[0].set_xlabel("Degree (k)") er_degree_probabilities,
axes[0].set_ylabel("Probability P(k)") marker=-o%,

linestyle="-",

Sl el EERB=y A ke label="ER Random Network"

# BA network
axes[1].bar( plt.loglog( 43

ba_degree_values, ba_degree_values,
T T T L. B R ba dearee probabilities.



[4SHA|] A2t SHA - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

(3 ER2} BA HIESL|3 degree distribution 22| 7|

Degree Distribution: ER vs. BA

ER Random Metwork BA Scale-Free Network
Mean=10.09, Max=22 Mean=9.95, Max=123
0.25
020 1
=
B
= 015 4
E
2
£ 010
005 4
'D.{H] = T T T T T T T T
10 20 [}] 20 40 =il an 100 120
Degree (k] Degree (k)
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[4SHA|] A2t SHA - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

(3 ER2} BA HIESL|3 degree distribution 22| 7|

Degree Distribution: ER vs. BA (Log-Log Scale)

—@= ER Random Metwork
#— BA Scale-Free Network
101 1
=
0
=
0
a8
=] 1|]—2 -
(=
T
B ].'
I .
102 A “‘—J-L—Q—m—i

10* 107
Degree (k) 45



[4SHA|] A2t SHA - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

(4) ERZ} BA U[ES| 3 A1} 5lj4{5}7]

Degree Distribution: ER vs. BA

ER Random Network BA Scale-Free Network
Mean=10.09, Max=22 Mean=9.95, Max=123
0.25 4
0.20 4
;; 0.15
:
2 n10
0.05 4
0.00 - T T T T T T T T
10 20 0 20 40 B0 an 100 120
Degree (k) Degree (k)
. T degree®l 10 B0 2227} Q= 2 Dot « 2 degrees 7% node”} BO| LtEHGEZ| T, i
« Z|C} degrees= 222, W degree 100{|M 3 A HOLIZ| &t SA|0f| O =& degreeS 7tRl 249 nodex= EAgt
e = n0| 223| 210 H degree?t LA, ER network?] « BA network?| degree distribution2 @2Z2o= 7| 12| £¢
degree distributionO| Poisson distribution0i| 717k ZIC} (Z[CH degreek ER network(22)2Ct EX )
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[4THA|] Zat 5 - Barabasi Scale-free Network®} H| i

Prabability Plk)

025

020

0.05

0.00 -

Barabasi scale-free network?} |1

(© ER2I BA HIES|3 A1} 54517
Degree Distribution: ER vs. BA

ER Random Network BA Scale-Free Network
Mean=10.09, Max=22 Mean=9.95, Max=123

10 20 0 20 40 &0 80 100 120
Degree (k) Degree (k)

- (&8 F
+  (A0|Y) EROM= link7t nodes f0|01| HluH D27 S8is]= g

HESFO| B degrees & 1022 FAFSHA| T

—_ Ly

BAO| M= linkZF 24=2] huboi| Z=E
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[4SHA|] A2t SHA] - Barabasi Scale-free Network®} H|

Barabasi scale-free network?} |1

G & 29| 2Y0| off C}E7}?

Degree Distribution: ER vs. BA

ER Random Network
Mean=10.09, Max=22

BA Scale-Free Network
Mean=9.95, Max=123

Probability Pik)

n.oo

5 10 15 0
Degree (k)

+ R node 40| S8 B p= SYzO= oixg
(—. 2 Z0| 2 node2tll siiA| CHS linkE 2 SHE0| =012 2| 48)

30
~d
X
i
-IE”

et E4 20 link7t Al =3 0
7|Cf E# degree 0| 2

=9 L.EJ}

> B FHO node7f == Z 2 YO| degree distribution,
E&St hub &

i 20 €0 B0 100 120
Degree (k)

Growth: I:”E-?—-I 3.7" Ao-lél'?_l'tf (L:”EO_IE_O.” M2 node?} A& =
Preferential attachment: 2% =5 0|0| degree?t ==
LEot AZE Jts/40| i &=L} (Rich get richer)

7FEICh

o {I
1o
H
In

2o L EG

)

=9 AZ 27X 1
Ct
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[4SHA|] A2t SHA - Barabasi Scale-free Network2} H| 1

Barabasi scale-free network®?} H|

© A At2| HES A= o= Zof| o 7P127}?
ERWCH= BAO| £

40 4 772 37t B2
ER2 BE _t=57r C}2 L =9} £33

A AtelojlA= o|O] U2 HAAS 7121 ALEHO| A=
OlA: g e

1

hu
re
ul
n
A

Mo
rf
N
mfo

L

: St /2| g, & HaAL SE M2E A 980 S
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<> Python

def generate_er_degrees(n, p, seed=42):
rng = np.random.default_rng(seed)

random_values = rng.random((n, n))

connections = random_values < p

upper_triangle = np.triu(connections, k=1)

upper_triangle + upper_triangle.T

A.astype(np.int8)

> >
In

degrees = A.sum(axis=1)

@) > Run
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